This study demonstrates that the absorption and scattering cross sections and asymmetry factor of randomly oriented and optically soft bispheres, quadspheres, and circular rings of spheres, with either monodisperse or polydisperse monomers, can be approximated by an equivalent coated sphere with identical volume and average projected area. This approximation could also apply to the angle-dependent scattering matrix elements for monomer size parameter less than 0.1. However, it quickly deteriorated with increasing monomer number and/or size parameter. It was shown to be superior to previously proposed approximations considering a volume equivalent homogeneous sphere and a coated sphere with identical volume and surface area. These results provide a rapid and accurate way of predicting the radiation characteristics of bispheres, quadspheres, and rings of spheres representative of various unicellular and multicellular cyanobacteria considered for producing food supplements, biofuels, and fertilizers. They could also be used in inverse methods for retrieving the monomers' optical properties, morphology, and/or concentration.
INTRODUCTION
There are thousands of photosynthetic micro-organism species classified as diatoms, green or red microalgae, eustigmatophytes, prymnesiophytes, and cyanobacteria [1, 2] . Certain species are capable of producing nutritional supplements [3] , biofuels such as hydrogen [4] or lipids for biodiesel production [5] , as well as fertilizers [3, 6] . Other species are able to remove organic waste from effluent water [3] . While most diatoms and green microalgae exist in unicellular forms, cyanobacteria can be either unicellular or multicellular [7, 8] . For example, Synechocystis sp. is a unicellular cyanobacterium with a dumbbell shape. It was the first photosynthetic organism whose entire genome was sequenced [9] . It has been used as a model organism to study photosynthesis, pigment synthesis, carbon and nitrogen assimilation, lipid production, and other metabolic processes [9] [10] [11] [12] . Figure 1 (a) shows a micrograph of a population of free-floating Synechocystis sp. cells about 3 to 5 μm in length. Figure 1 (b) shows a micrograph of Synechocystis sp. immediately after cell division into two morphologically identical daughter cells [13] . On the other hand, certain multicellular cyanobacteria, such as Anabaenopsis elenkinii and circularis, develop specialized cells called heterocysts that contain nitrogenase enzymes used for the biocatalytic reduction of atmospheric nitrogen into ammonia [14] . This special ability to fix atmospheric nitrogen makes these cyanobacteria potential producers of fertilizers [6] . In addition, they are capable of producing hydrogen under certain conditions [4, 15] . Figures 1(c) and 1(d) show the micrographs of A. elenkinii and circularis, respectively.
The cyanobacterium A. elenkinii consists of spheroidal vegetative cells with 4-5 μm minor diameter and 5-7 μm major diameter and nearly spherical heterocysts 3-4 μm in diameter. By contrast, the cyanobacterium A. circularis consists of aspherical vegetative cells and spherical heterocysts about 8-10 μm in diameter. These cells are arranged in a nearly circular ring and number between 10 and 25 cells per ring.
The cultivation of photosynthetic micro-organisms in photobioreactors (PBRs) exposed to sunlight has been studied extensively due to the above-mentioned applications. Photosynthetic micro-organisms absorb photons in the photosynthetically active radiation (PAR) region ranging from 400 to 700 nm thanks to photosynthetic pigments, such as chlorophylls and carotenoids [16] . They also scatter light due to the refractive index mismatch between the cells and the surrounding growth medium [17] . The economic viability of large-scale cultivation can be severely reduced by poor light penetration in dense micro-organism cultures [18] . In order to design and operate PBRs with optimum light availability, it is essential to accurately predict light transfer in the culture [18, 19] . To do so, the spectral radiation characteristics of the photosynthetic micro-organisms are necessary. They can be measured experimentally [18, 20] or predicted numerically [21] [22] [23] . Experimental measurements can faithfully capture the effect of the micro-organisms' size, shape, and polydispersity. However, they require expensive equipment and can be time consuming. Radiation characteristics of spherical photosynthetic micro-organisms can be easily determined from the Lorenz-Mie theory [24] . Similarly, solutions of Maxwell's equations have also been developed for coated spheres [25] and infinitely long cylinders [26] [27] [28] . The radiation characteristics of particles with more complex and irregular shapes can be predicted numerically using (i) the T-matrix method [29] [30] [31] [32] , (ii) the discrete-dipole approximation [33] , and (iii) the finite-difference time-domain method [34] , for example. However, numerical predictions can be complicated by the diverse and sometimes complex micro-organism morphology. In addition, their large size compared with the radiation wavelength and their polydispersity require time-consuming and resource-intensive computations [35] . Finally, inverse methods used to retrieve the complex index of refraction and/or the morphology and/or the concentration of the microorganisms from experimental measurements require numerous iterations of an already time-consuming forward problem [22, [36] [37] [38] .
The present study aims to identify particles of simple shape with radiation characteristics equivalent to those of Synechocystis sp., A. elenkinii, and circularis, and other micro-organisms with similar morphologies. Such equivalent particle approximations could be computationally advantageous and practical for predicting light transfer in PBRs and for remote sensing applications provided that it can achieve an acceptable degree of accuracy [36, 39] .
BACKGROUND A. Scattering Matrix
The four Stokes parameters, I, Q, U, and V , forming the Stokes vector, are used to describe an electromagnetic wave in terms of its intensity, degree of polarization, and ellipsometric characteristics [31] . Upon single scattering by a particle of arbitrary shape and orientation, the Stokes vector of the incident radiation represented by I inc ŝ i I inc ; Q inc ; U inc ; V inc T , is transformed into the Stokes vector of the scattered radiation at location r, denoted by I sca r;ŝ I sca ; Q sca ; U sca ; V sca T . These vectors are related by the 4 × 4 Mueller matrix [ZΘ] according to [32] I sca r;ŝ 1 r 2 ZΘI inc ŝ i ;
where r is the norm of the location vector r. The scattering angle, denoted by Θ, corresponds to the angle between the incident and scattered directions,ŝ i andŝ, respectively. For randomly oriented particles with a plane of symmetry, it is more convenient to use the normalized (or Stokes) scattering matrix [FΘ] given by [31] 
where C sca is the scattering cross section of the particle. When multiplied by the incident monochromatic energy flux, C sca represents the total monochromatic power removed from the incident electromagnetic (EM) wave due to scattering [31] . Similarly, the absorption cross section C abs can be defined such that its product with the incident monochromatic energy flux represents the total monochromatic power absorbed by the particle [31] . The overall extinction of the incident EM wave is due to both absorption and scattering, and the extinction cross section can be defined as C ext C abs C sca . The normalized scattering matrix [FΘ] for a scattering particle with a plane of symmetry is a 4 × 4 matrix containing eight nonzero elements and six independent elements given by [31, 40] 
The element F 11 Θ represents the scattering phase function normalized according to [31] 1 4π
where Ω is the solid angle around the scattering angle Θ. The asymmetry factor is defined as [41] g 1 4π
It is equal to 0 for isotropic scattering and −1 and 1 for purely backward and forward scattering, respectively [18] . The ratio −F 12 Θ∕F 11 Θ represents the degree of linear polarization of the scattered radiation when the particle is exposed to unpolarized incident radiation [42] . The ratio F 22 Θ∕F 11 Θ can be interpreted as a measure of the particle's deviation from a sphere [42] . The ratio F 34 Θ∕F 11 Θ indicates the amount of obliquely polarized light at 45° [42] . 
B. Heterogeneous and Spheroidal Particles
Despite the heterogeneous nature of photosynthetic microorganism cells, they have often been treated as homogeneous with some effective complex index of refraction [17, 22, 37, 43] . This assumption was validated by Quirantes and Bernard [22] who modeled single-cell microalgae as coated spheres or coated spheroids to account for their complex intracellular structures. These coated particles had core to particle volume ratios ranging from 0.4 to 1 and size parameters based on outer diameter up to a maximum value of 30. The outer coating was assumed to be nonabsorbing and represented the cellular cytoplasm. By contrast, the inner core, representing the organelles and chloroplasts, was absorbing and featured a larger refractive index than the outer coating. The authors found that light absorption and scattering efficiency factors of a homogeneous sphere with volume-averaged complex index of refraction were similar to those of the coated sphere [22] .
Moreover, Lee et al. [37] showed that the radiation characteristics of spheroidal unicellular microalgae were similar to those of spheres with identical surface area provided that their aspect ratio was less than 1.33. These observations suggest that typical micro-organisms' cells, such as those shown in Fig. 1 , can be treated as homogeneous spheres with an effective complex index of refraction.
C. Aggregates of Spherical Monomers
The development of the superposition T-matrix method to predict absorption and scattering of electromagnetic waves by multisphere clusters was first motivated by the study of the interaction between radiation and carbonaceous soot particles modeled as aggregates of connected spheres (or monomers) a few nanometers in diameter [30] . It has also been used for a wide variety of applications [44] ranging from plasmon resonance in aggregates of gold [45] and silver [46] nanoparticles to the interpretation of solar radiation scattered by cometary dust [47] and filamentous cyanobacteria [39] .
The method is based on the superposition solutions of Maxwell's equations where the EM field scattered by the entire aggregate of monomers is the sum of the EM fields scattered by each of the constituent monomer [48] . The EM field incident onto a monomer takes into account not only the incident EM field but also the scattered fields from all the other monomers of the aggregate [48] . The interacting fields are transformed into a system of sphere-centered equations for the scattering coefficients and inverted to obtain the T-matrix [48] . Using an analytical rotation transformation rule to integrate the incident EM field over every propagation direction and polarization, the scattering hC sca i and extinction hC ext i cross sections and scattering matrix elements of a randomly oriented aggregate of spheres can be obtained from operations on the T-matrix [48] .
D. Equivalent Scattering Particles
Several studies have used equivalent particles with simple geometries and some effective complex index of refraction to approximate the radiation characteristics of nonspherical particles and aggregates of spherical monomers. Mengüç et al. [49] approximated irregularly shaped pulverized coal particles as volume equivalent spheres in order to retrieve their effective complex index of refraction from experimental radiation characteristics measurements. The coal particles were assumed to be spherical and their mean diameters were measured using scanning electron microscopy so as to compute their volumes. Liou and Takano [50] compared the absorption and scattering cross sections and asymmetry factor of cubes, hexagonal ice crystals, and irregular convex and concave particles with size parameters larger than 30 with those predicted by Lorenz-Mie theory for their volume or surface area equivalent spheres. The range of complex index of refraction used for the particles was representative of atmospheric particulates, i.e., carbon and water. The authors concluded that nonspherical particles have smaller asymmetry factors than their volume or surface area equivalent spherical counterparts. They also found that volume equivalent spheres had similar absorption cross sections but smaller scattering cross sections than the actual nonspherical particles. Kahnert et al. [51] computed the extinction and scattering cross sections, the single-scattering albedo, and the asymmetry factor of ensembles of randomly oriented polyhedral prisms with different number of side facets, aspect ratios, and sizes. The authors compared these radiation characteristics with those of ensembles comprising solely of spheres, spheroids, or finite-length cylinders with the same complex index of refraction and identical volume or surface area distribution. They found that the best approximation was achieved using ensembles of volume equivalent spheres. Yang et al. [52] approximated various platonic particles as equivalent spheres with identical (i) geometric dimension, (ii) surface area, (iii) volume, or (iv) volume-to-surface area ratio. The authors found that the volume equivalent spheres offered the best approximation for the extinction efficiency factor, single-scattering albedo, and scattering matrix elements of platonic particles. However, all these approximations still resulted in significant errors. In addition, the authors recommended that the absorption and scattering cross sections should be used instead of the efficiency factors due to the difference of geometric cross sections between the platonic particles and the equivalent spheres. Gordon [43] showed that approximating finite cylinders as volume equivalent spheres resulted in large errors in the scattering efficiency factor but good agreement in the absorption efficiency factor.
Latimer [53] experimentally measured the extinction coefficients at 474 nm of randomly oriented fractal aggregates of 2 to 128 spherical latex particles in water. The author found that the aggregates could be approximated as coated spheres whose core and shell had the same complex index of refraction as water and latex, respectively. The volume of the coating was taken as the total volume of the latex particles constituting the aggregates while the volume of the core was taken as that of "the spaces between the particles" derived from fractal theory. While Latimer's results showed good agreement between the radiation measurements of the latex particles and the theoretical predictions for the equivalent coated spheres, his choice of using only five discrete bins to represent the entire monomer size distribution may have introduced significant errors. Tien and Drolen [54] computed the absorption and scattering cross sections of soot aggregates consisting of 2 to 136 spherical monodisperse monomers with size parameter ranging from 0.05 to 0.2, refractive index ranging from 1.5 to 2.2, and absorption index ranging from 0 to 2.6. These monomers were aggregated either in straight chains or spheroidal, ellipsoidal, or cube-like clusters. They found that a volume equivalent sphere with the same complex index of refraction as the monomers gave similar absorption and scattering cross sections as the soot aggregate. Recently, Lee and Pilon [39] showed that the absorption and scattering cross sections per unit length and asymmetry factor of randomly oriented linear chains of optically soft spheres with size parameter ranging from 0.01 to 10, could be approximated as that of randomly oriented, volume equivalent, and infinitely long cylinders provided that the number of spheres in the chain was sufficiently large. However, this approximation was not valid for the scattering matrix elements.
Light transfer in homogeneous absorbing, scattering, and nonemitting micro-organism suspensions, such as those found in PBRs, is governed by the radiative transfer equation (RTE) [18] . In PBRs, the micro-organisms are typically uniformly distributed and randomly oriented thanks to bubble sparging or stirring, for example [55] . The absorption and scattering cross sections as well as the scattering phase function of these randomly oriented micro-organisms are necessary input parameters to solve the RTE [18] . Unfortunately, cyanobacteria, such as those shown in Fig. 1 , have very complex morphologies and large size parameters. Accurately predicting their radiation characteristics would require large amounts of time and computational resources. Therefore, the present study aims to demonstrate that photosynthetic micro-organisms, such as those shown in Fig. 1 , can be approximated by some equivalent particle with a simple geometry. The effects of the cells' complex index of refraction and polydispersity were also investigated.
ANALYSIS
A. Problem Statement First, actual cyanobacteria shown in Fig. 1 were represented by idealized aggregates of optically soft and homogeneous spherical monomers. Let us consider randomly oriented bispheres, quadspheres, and circular rings of spheres consisting of N s monodisperse spherical monomers of radius r s and complex index of refraction m s n s ik s , where n s and k s are the refractive and absorption indices, respectively. The surrounding medium was assumed to be nonabsorbing with refraction index m m n m . The relative complex index of refraction of the monomers can be defined as m n ik m s ∕n m . The size parameter of the monomers constituting the bispheres, quadspheres, and rings of spheres was defined as χ s 2πr s ∕λ, where λ is the wavelength of the incident radiation. In general, the radiation characteristics of bispheres, quadspheres, and rings of spheres depend on (i) the aggregate morphology, (ii) the relative complex refraction index m, and (iii) the monomer number N s and size parameter χ s .
Previous studies [39, 43, 50, 51, 54] indicate that the equivalent particle should have the same volume as the aggregate to match their absorption cross sections. This can be attributed to the fact that absorption is a volumetric phenomenon. On the other hand, scattering is due in part to the complex index of refraction mismatch across the interface between the aggregates' monomers and the surrounding medium. Thus, an equivalent particle with the same surface area as the aggregate could also have similar scattering cross sections. Alternatively, the projected area is directly proportional to the amount of energy incident on the aggregates for a given aggregate orientation. Hence, matching the average projected area of the equivalent particle with that of the randomly oriented aggregate offers another alternative. The most common approach is to approximate a particle of complex shape or an aggregate of spherical monomers as an equivalent sphere [43, 51, 52] . However, a sphere is defined by a single geometric parameter: its radius. Thus, the equivalent sphere can only match either the volume, the surface area, or the average projected area of the aggregate. On the other hand, a coated sphere is defined by its inner and outer radii. Both can be adjusted to match two geometric characteristics of the aggregates, such as its volume and its surface area or its volume and its average projected area.
In order to determine the best equivalent particle, the absorption and scattering cross sections as well as the scattering matrix elements of the different possible equivalent spheres or coated spheres will be compared systematically with predictions by the superposition T-matrix method for randomly oriented bispheres, quadspheres, and rings of spheres. The monomers had size parameter χ s ranging from 0.01 to 10, refractive index n s varying between 1.37 and 2, and absorption index k s from 0.0053 to 0.133. The surrounding medium was nonabsorbing with refractive index n m 1.33. These values were representative of cyanobacteria suspended in growth medium and exposed to sunlight. The wavelength of incident light was taken as 676 nm corresponding to the absorption peak of chlorophyll a [16] . Finally, the inner core of the equivalent coated sphere was assumed to have the same refractive index n m as the surrounding medium while the coating and the equivalent sphere were assumed to have the same complex index of refraction m s n s ik s as the monomers.
B. Methodology
Geometric Consideration
The radius r v;eq of the volume equivalent sphere with the same volume as that of an aggregate consisting of N s monomers of radius r s can be expressed as r v;eq r s N s 
A priori, the average projected areaĀ p depends on the number N s and radius r s of monomers in the aggregate. Figure 3 illustrates the projected area of a bisphere on the x-y plane when viewed along the z-axis. For a given orientation, the projected area A p;b of a bisphere is represented by the area enclosed by two intersecting circles and is given by
where d is the distance between the centers of the two projected discs. This distance is given by d 2r s cos ϕ, where ϕ is the angle between the longitudinal axis of the bisphere and the x-y plane. For example, when the bisphere is viewed along its longitudinal axis, ϕ π∕2 or −π∕2. Then, the distance d between the two projected circles is zero and the projected area A p;b is equal to that of a single sphere πr 2 s , as predicted by Eq. (8) . As bispheres are axisymmetric, the average projected area of a bisphereĀ p;b can be obtained by integrating the expression in Eq. (8) with respect to ϕ between −π∕2 and π∕2 to yield
For aggregates with more than two monomers, the average projected area can be calculated numerically by (i) fixing the position of the observer, (ii) rotating the aggregate through numerous orientations around its geometric center, and (iii) computing the different projected area before averaging. The code implementing this procedure was developed and successfully validated with the above expression ofĀ p;b for bispheres. For quadspheres and rings of N s spheres, the average projected areaĀ p was found to be proportional to the square of the monomer radius r s such that
where α is a constant depending on the number of monomers N s in the aggregate. For quadspheres, α4 was found to be equal to 9.70 while for a circular ring of N s monodisperse monomers, αN s was such that αN s 2.42N s for N s ≥ 5.
In practice,Ā p can be measured using image analysis of two-dimensional micrographs of freely suspended microorganisms [56] .
Radiation Characteristics
The absorption hQ abs i and scattering hQ sca i efficiency factors and the normalized Stokes scattering matrix elements of randomly oriented bispheres, quadspheres, and rings of monodisperse spheres of radius r s were computed using the superposition T-matrix code described in [57] . On the other hand, the absorption and scattering efficiency factors and the scattering matrix elements of the different equivalent homogeneous spheres and coated spheres were computed based on Lorenz-Mie theory [24, 25, 58] . The Matlab codes implementing these solutions were obtained from [58] . 
where r v;eq is the radius of the volume equivalent sphere given by Eq. (5) and πr 2 v;eq represents its projected surface area [57] . Similarly, the cross sections of the volume equivalent sphere were obtained according to C s abs∕sca Q s abs∕sca πr 2 v;eq . In the case of the volume and surface area equivalent coated spheres, the cross sections were estimated based on the outer radius, i.e, C cs abs∕sca;VS Q cs abs∕sca;VS πr 2 s;eq;o . Finally, the cross sections of the volume and average projected area equivalent coated sphere were computed based on the average projected area of the aggregates such that C cs abs∕sca;VĀ p Q cs abs∕sca;VĀ pĀ p . Finally, the relative errors in the absorption and scattering cross sections and asymmetry factors between the bispheres, quadspheres, and rings of spheres and their equivalent spheres and coated spheres were used to identify the best approximation.
RESULTS AND DISCUSSION
A. Absorption and Scattering Cross Sections Figure 4 shows the absorption cross section hC a abs i of randomly oriented (a) bispheres and quadspheres, and (b) circular rings of 10 and 20 spheres as a function of monomer size parameters χ s ranging from 0.01 to 10. Here, the relative complex index of refraction of the monomers was taken as m 1.03 i0.004 representative of photosynthetic microorganisms in their growth medium exposed to light in the PAR region [37, 43] . They also plot the absorption cross section of the corresponding equivalent spheres and coated spheres. 
tween the aggregates considered and the different equivalent particles as functions of χ s . As observed in the literature [39, 43, 50, 51] , all equivalent spheres and coated spheres featured very similar absorption cross sections. The relative error in the absorption cross sections of the bispheres and quadspheres was less than 1.5% for all equivalent particles and size parameter χ s considered. Similarly, the relative error in the absorption cross sections of the rings of 10 and 20 spheres and of the equivalent particles was less than 7%. Such good agreement can be attributed to the fact that all equivalent spheres and the shell of the equivalent coated spheres had the same volume as that of the bispheres, quadspheres, and rings of spheres for any given value of χ s . These observations indicate that self-shading in these aggregates had negligible effect on the absorption cross sections thanks to the relatively small monomer absorption index k s 0.0053. Overall, the volume and average projected area equivalent coated spheres provided the best approximation of the absorption cross section for all values of χ s . In fact, the corresponding relative error between the superposition T-matrix prediction and this approximation did not exceed 1% for all aggregates considered. m 1.03 i0.004. They also plot the scattering cross section of the corresponding equivalent spheres or coated spheres. Here also, the scattering cross sections of the aggregates were found to increase with increasing monomer size parameters χ s and number of monomers N s . For χ s less than 0.1, the scattering cross section was directly proportional to χ 6 s for all aggregates considered. Figures 5(c)-5(f) show the relative errors in scattering cross sections resulting between predictions from the superposition T-matrix and the different equivalent particle approximations. The relative errors in the scattering cross sections for all the equivalent particles were found to be less than 5% when χ s was smaller than 0.1. In this case, the particles were much smaller than the wavelength of the incident EM wave. Each volume element in the aggregate or the equivalent scattering particle scattered light independently of the others [27] . Note that the range of χ s for which good agreement was observed was smaller for the rings of 10 and 20 spheres because they had larger total volume for the same value of χ s . As χ s increased, the size of the aggregate became comparable to the wavelength of the incident EM wave and the relative errors in the scattering cross sections increased. For χ s larger than 1, the relative errors in the scattering cross section between the T-matrix predictions and the volume equivalent spheres and the volume and surface area equivalent coated spheres were excessively large. By contrast, the relative errors corresponding to the volume and average projected area equivalent coated spheres was less than 6%. Thus, both the volume and the average projected area of the aggregate should be preserved by the equivalent particle in order to match the absorption and scattering cross sections. Again, this cannot be achieved by an equivalent sphere. Figure 7 shows the scattering phase function F 11 Θ of randomly oriented (a) bispheres, (b) quadspheres, and circular rings of (c) 10 and (d) 20 spheres as functions of the scattering angles Θ for monomer size parameters χ s 0.01, 0.1, 1, and 10 and for m 1.03 i0.004. It also plots the phase function of the corresponding volume and average projected area equivalent coated spheres. For any aggregate with monomer size parameter χ s between 0.01 and 0.1, the phase function was nearly uniform in all directions, corresponding to quasiisotropic scattering. For monomer size parameter χ s equal to 1 and 10, scattering was mainly and increasingly in the forward direction. In addition, F 11 Θ oscillated strongly with scattering angle Θ for χ s equal to 10. The number of oscillation lobes increased with increasing number of monomers N s and with size parameter χ s . The resonance angles and amplitudes of these oscillations were different for bispheres, quadspheres, and rings of spheres. Note that in practical applications, monomers and aggregates may be polydisperse in terms of size parameter χ s and monomer number N s . In this case, we anticipate that the oscillations observed in Fig. 7 would be "washed" out [32] . Moreover, the phase functions of the volume and average projected area equivalent coated spheres showed similar trends as those of the bispheres, quadspheres, and rings of spheres. Very good agreement was systematically observed for bispheres, quadspheres, and rings of spheres monomer size parameter χ s less than 0.1. However, for χ s larger than (i) 10 for bispheres and (ii) 1 for quadspheres and rings of spheres, the scattering phase function F 11 Θ of the equivalent coated spheres featured more oscillations than that of the corresponding aggregate. This could be explained by the fact that the coating behaves as a waveguide causing radiation entering the coating to circumnavigate the core due to total internal refraction [26] . As this guided radiation escapes the coating, it interferes with the reflected radiation to cause the oscillations observed in the phase function of the equivalent coated sphere [26] . Note, however, that for all aggregates and size parameters considered, F 11 0° was predicted within 16%. Figure 8 shows the asymmetry factor g, defined by Eq. (4), as a function of the monomer size parameter χ s for (a) bispheres, (b) quadspheres, and circular rings consisting of (c) N s 10 and (d) 20 spheres, respectively for m 1.03 i0.004. It also plots the values of g for the corresponding volume and average projected area equivalent coated spheres. The asymmetry factor g was smaller than 0.1 for all aggregates with monomer size parameter χ s smaller than 0.1. In this regime, the aggregates scattered light quasi-isotropically and feature similar phase functions (Fig. 7) . For size parameter larger than 2, the aggregates were largely forward scattering and g approached unity. The asymmetry factor predicted for the volume and average projected area equivalent coated spheres was in good agreement with predictions by the T-matrix method for bispheres and quadspheres for all values of χ s considered. Good agreement was also found for rings of spheres with size parameter less than 0.1 or larger than 2. The relative error increased with increasing number of monomers N s present in the ring.
B. Scattering Phase Function and Asymmetry Factor
Overall, the asymmetry factor g of the bispheres, quadspheres, and rings of spheres and that of their corresponding volume and average projected area equivalent coated spheres showed reasonably good agreement. Note that knowing the integral radiation characteristics hC a abs i, hC a sca i, and g or the backscattering ratio is sufficient to predict light transfer through a micro-organism suspension contained in open ponds and flat-plate PBRs [21, 23] . Thus, in the context of photobioreactor design and control, the above results establish that the types of cyanobacteria shown in Fig. 1 can be approximated as coated spheres with the same volume and projected area and complex indices of refraction of the core and coating equal to those of the medium and cells, respectively.
C. Scattering Matrix Elements
The scattering matrix elements can provide useful information in applications considering the polarization of scattered radiation, such as remote sensing of phytoplankton suspensions [17] . Figures 9(a) to 9(f) show the scattering matrix element ratios −F 12 Θ∕F 11 Θ, F 33 Θ∕F 11 Θ, F 44 Θ∕F 11 Θ, and F 34 Θ∕F 11 Θ for randomly oriented bispheres and quadspheres as functions of scattering angles Θ for monomer size parameters χ s 0.01, 0.1, 1, and 10 with m 1.03 i0.004. They also show the scattering matrix elements of the corresponding volume and average projected area equivalent coated spheres. Similarly, Figs. 10(a)-10(f) show the scattering matrix element ratios for randomly oriented rings of 10 and 20 spheres and their corresponding volume and average projected area equivalent coated spheres. First, the scattering matrix ratio F 22 Θ∕F 11 Θ was found to be nearly 100% for bispheres, quadspheres, and rings of spheres for all scattering angles Θ between 0 and 180°and for all size parameters considered (not shown). In addition, for all aggregates, the degree of linear polarization of the scattered radiation, represented by the ratio −F 12 Θ∕ F 11 Θ, was zero in the forward (Θ 0°) and backward (Θ 180°) directions and reached a maximum of 100% at Θ 90°. In addition, the element ratios F 33 Θ∕F 11 Θ and F 44 Θ∕F 11 Θ of the different aggregates were identical. These results were analogous to those for a single sphere and can be attributed to the dominant role of single scattering by the monomers [60, 61] . Indeed, in the case of a single sphere, F 22 Θ F 11 Θ and F 33 Θ F 44 Θ.
Oscillations in the scattering matrix element ratios F 33 Θ∕ F 11 Θ and F 44 Θ∕F 11 Θ appeared for bispheres, quadspheres with size parameter χ s 10, and for the circular rings of 10 and 20 spheres with size parameter χ s 1 and 10. These oscillations were observed at the same resonance angles as those of the scattering phase function F 11 Θ shown in Fig. 7 . Similarly, F 34 Θ∕F 11 Θ was equal to zero for all scattering angles for all monomer size parameters except for χ s 10 for bispheres and quadspheres and χ s 1 and 10 for rings of 10 and 20 monomers. Although the general trends of the scattering matrix element ratios for bispheres, quadspheres, and rings of spheres were captured by those of the corresponding volume and average projected area equivalent coated sphere, the latter generally exhibited more oscillations for a given value of χ s . This can also be attributed to the waveguiding effects of the coating previously discussed.
Overall, the volume and average projected area equivalent coated sphere had scattering matrix elements similar to those of the bispheres, quadspheres, and rings of spheres except when χ s and/or N s were large. Then, the approximation could not capture the oscillations peaks in F 12 Θ∕F 11 Θ, F 22 Θ∕F 11 Θ, F 33 Θ∕F 11 Θ, F 34 Θ∕F 11 Θ, and F 44 Θ∕ F 11 Θ. Therefore, they should not be used for estimating these scattering matrix element ratios.
D. Effect of the Relative Complex Index of Refraction
The volume and average projected area equivalent coated spheres were shown to accurately approximate the absorption and scattering cross sections and asymmetry factor of randomly oriented bispheres, quadspheres, and rings of 10 and 20 spheres consisting of optically soft monomers having relative complex index of refraction m 1.03 i0.004. One may wonder if this approximation is also valid for aggregates with different refractive and absorption indices. To address this question, the relative refractive index n of the monomers was increased from 1.03 to 1.2 and 1.5 while keeping the relative absorption index constant and equal to 0.004. Similarly, the relative absorption index k of the monomers was increased from 0.004 to 0.01 and 0.1 while keeping the relative refractive index constant at n 1.03. It also plots predictions for the associated corresponding volume and average projected area equivalent coated spheres. It is evident that increasing the relative refractive index n resulted in increasing scattering cross section of bispheres, quadspheres, and rings of spheres due to the larger index mismatch at the interface between the monomers and the surrounding medium. Similarly, increasing the relative absorption index k of the monomers resulted in increasing absorption cross section of all the aggregates considered. For all values of n and k considered, hC a abs i was proportional to N s χ 3 s , for all χ s , and hC a sca i was proportional to N s χ 6 s , for χ s less than 1.0. The relative error between the absorption cross sections of the aggregates and that of the corresponding volume and average projected area equivalent coated spheres with relative refractive index n equal to 1.2 was less than 8% for all values of χ s considered. However, it was significantly larger for n 1.5, particularly for the rings of spheres with increasing size parameter χ s and number of monomers N s . On the other hand, increasing the relative absorption index k from 0.004 to 0.1 while n was kept constant at n 1.03 did not affect the performance of the volume and average projected area equivalent coated sphere approximation. Then, the relative errors in the absorption cross section were less than 6% for all values of k and χ s considered. This indicates that potential shading among monomers was captured by the equivalent coated sphere approximation. These observations are consistent with the literature [39, 43, 50, 51, 54] . However, they are valid for optically soft scattering particles such that the penetration depth of the incident EM wave is larger than the particle size. In cases when the size of the scattering particle is larger than the penetration depth, absorption becomes a surface phenomenon and the proposed equivalent coated sphere approximation may not be valid.
Moreover, the relative error in the scattering cross section between the aggregates and their volume and average projected area equivalent coated spheres increased with increasing relative refractive index n and number of monomers N s in the aggregates. Indeed, scattering is sensitive to particle shape and size and to the mismatch in refractive index between the particle and its surroundings. By contrast, the relative absorption index k did not affect the predictions of hC For χ s smaller than 0.1 and larger than 1, the relative error for any aggregate considered was less than 5% and 17% for n equal to 1.03 and 1.2, respectively. In the same χ s range, the relative error for the bispheres, quadspheres, and rings of 10 and 20 spheres with n 1.5 increased and reached up to 12%, 22%, 22%, and 44%, respectively. Finally, the asymmetry factor did not change significantly when the monomers' relative refractive index n increased from 1.03 to 1.2 and their relative absorption index k varied from 0.004 to 0.1. However, for n 1.5, the aggregates had smaller asymmetry factor than the volume and average projected area equivalent coated spheres for χ s larger than 1.0.
Overall, approximating the integral radiation characteristics of bispheres by those of the volume and average projected area equivalent coated spheres was valid for all values of n, k, and χ s considered. This approximation was also appropriate for quadspheres and rings of 10 and 20 spheres with relative refractive index n up to 1.2 and relative absorption index k up to 0.1 for monomer size χ s between 0.01 and 10. This approximation became less accurate as the monomers' relative refractive index n and number N s in the aggregates increased.
E. Aggregates of Polydisperse Monomers
The bispheres, quadspheres, and rings of 10 and 20 spheres considered so far consisted of monodisperse spherical monomers. However, the cells of cyanobacteria, such as A. elenkinii and A. circularis, are typically polydisperse, as illustrated in Fig. 1 . Furthermore, the heterocyst present in some cyanobacteria are usually larger than the vegetative cells. This section assesses whether the volume and average projected area equivalent coated sphere approximation was also valid for rings of spheres consisting of polydisperse monomers. Table 1 shows the schematics of the three different rings of spheres considered and their morphological features. The number of vegetative cells and heterocysts were respectively denoted by N v and N h such that N s N v N h while each cell type was monodisperse with size parameters χ v and χ h , respectively. Aggregate 1 consisted of 10 monomers including 2 heterocyst while Aggregates 2 and 3 had N s 20 monomers with 2 and 1 heterocysts, respectively. The radius of the heterocysts in Aggregates 1 and 2 was taken to be 20% larger than that of the vegetative cells. The sizes and positions of the monomers in Aggregate 3 were derived using the micrograph reproduced in Fig. 1(d) . In all cases, the size parameters χ v and χ h were larger than 5.0. The relative complex index of refraction was assumed to be m 1.03 i0.004 and identical for both vegetative cells and heterocysts. The average projected area of each of these aggregates was computed numerically to obtain the inner rĀ p ;eq;i and outer rĀ p ;eq;o radii of the corresponding volume V and average projected areaĀ p of the equivalent coated sphere. Table 1 by the superposition T-matrix method as well as those of the corresponding volume and average projected area equivalent coated spheres. They fell within 1% of each other for the three aggregates considered. In other words, the equivalent coated sphere approximation provided good estimates of hC a abs i, hC a sca i, and g for rings of polydisperse and optically soft spheres representative of multicellular cyanobacteria.
F. Computational Time
Computing the radiation characteristics of a bisphere, quadsphere, and rings of N s 10 and 20 monodisperse spheres with χ s 10 and m 1.03 i0.004 using the superposition T-matrix method required 9, 24, 227, and 2063 s, respectively, on a parallel computing cluster with 50 CPUs. By contrast, computing the radiation characteristics of the corresponding volume and average projected area equivalent coated spheres on a single dual core 2.53 GHz CPU required 1.3, 1.6, 2.9, and 3.3 μs, respectively. Note also that savings in computational time was found to increase as the size parameter χ s and/or the number of monomers N s increased. Thus, the proposed volume and average projected area equivalent coated spheres offers a way to estimate their absorption and scattering cross sections and their asymmetry factor rapidly and relatively accurately.
CONCLUSIONS
This study established that randomly oriented bispheres, quadspheres, and circular rings of spheres can be approximated as equivalent coated spheres with identical volume and average projected area for predicting the absorption and scattering cross sections and their asymmetry factor. This approximation was valid for monomer size parameter between 0.01 and 10 and for relative refractive index up to 1.2 and absorption index up to 0.1. The general trends in the scattering matrix element ratios of bispheres, quadspheres, and rings of spheres were similar to those of their volume and average projected area equivalent coated spheres except for oscillations observed for monomer size parameters larger than 1.0. This was attributed to internal reflection in the coating and its waveguiding effect. Overall, the equivalent coated sphere approximation offers a simple, rapid, and relatively accurate way of predicting the radiation characteristics of randomly oriented bispheres, quadspheres, and rings of spheres for a wide range of monomer number, size parameter, and relative complex index of refraction. It can be used for predicting the integral radiation characteristics of photosynthetic micro-organisms as well as for retrieving their optical properties and/or their average volume and projected area from radiation characteristic measurements.
